We discuss various symmetry properties of the reparametrization invariant toy model of a free non-relativistic particle and show that its commutativity and noncommutativity (NC) properties are the artifact of the underlying symmetry transformations. By exploiting the Becchi-Rouet-Stora-Tyutin (BRST) symmetry transformations, we demonstrate the existence of the NC and show its cohomological equivalence with its commutative counterpart. In this discussion, the BRST invariance of the physical quantities (e.g. space and time variables) and corresponding cohomology play very important roles.
Introduction
During the past few years, there has been an upsurge of interest in the study of physics, formulated on the general D-dimensional noncommutative spaces (i.e. [x i , x j ] = 0; i, j = 1, 2.....D). Such an interest has been thriving because of very exciting modern advances in the realm of string theory, matrix models, quantum gravity, black hole physics, etc., which have brought out some intriguing aspects of noncommutativity (NC) in the spacetime structure (see, e.g., [1] [2] [3] and references therein). This kind of NC has also been discussed in the simpler settings where a change of variables (and/or a redefinition) plays a very decisive role. To be more precise, these changes of variables and redefinitions allow a mapping between the commutative spacetime to the nonccommutative spacetime. Both versions of the spacetime, at times, describe the same physical system. Many examples of quantum mechanical models, particle mechanics, Landau problem, etc., belong to this category where the choices of the gauge, redefinitions, restricted symmetries, etc., lead to the NC in the spacetime structure (see, e.g., [4] [5] [6] [7] [8] [9] [10] and references therein).
Since time immemorial, various kinds of symmetries have played some notable roles in the development of theoretical physics. In a recent set of papers [7, 8, 10] , the continuous symmetries have been exploited as a tool to demonstrate the existence of NC. The purpose of our present paper is to exploit a restricted set of "gauge-type" symmetry transformations for the toy model of a non-relativistic (NR) free particle and show the existence of a NC in the spacetime structure. This system is rendered reparametrization invariant by hand because the "time" parameter t of this model is treated on a par with the space variable x [11] . Both these variables are treated on an equal footing. As a consequence, they constitute the configuration space in which a trajectory of our toy model is parametrized by a new evolution parameter τ . This model is shown to be endowed with the first-class constraints in the language of Dirac's prescription for the classification of constraints [12] . These constraints generate a gauge symmetry transformation which turns out to be equivalent to the reparametrization symmetry transformations for the model in a certain specific limit. A variant of this gauge symmetry transformations, that leads to the existence of the NC, has been christened as a "restricted" symmetry transformation because it is respected only on the on-shell. In a certain specific limit, this non-standard and restricted symmetry transformation reduces to the usual gauge transformation that (i) is generated by the first-class constraints of the model, and (ii) leads to the commutative spacetime structure. This shows that the NC and commutativity are different facets of the continuous symmetry transformations. This observation is consistent with the result of [6] where the equivalence between the NC and commutativity has been shown in the language of Dirac bracket formalism for two different choices of the gauge condition. These gauge conditions are connected with each-other by a gauge transformation. To the best of our knowledge, the reason for this equivalence has not yet been shown by exploiting the symmetry transformations. One of the central results of our present paper is to show such an equivalence by exploiting the Becchi-Rouet-Stora-Tyutin (BRST) symmetry transformations and their cohomological considerations. We have shown, in particular, that the NC and commutativity of this model are cohomologically equivalent w.r.t. the conserved and nilpotent (anti-)BRST charges (which generate the (anti-)BRST symmetry transformations).
The contents of our present paper are organized as follows. In section 2, we discuss the continuous reparametrization symmetry transformations for the toy model of a free massive non-relativistic particle. Section 3 is devoted to the discussion of the gauge symmetry transformations for this system which are equivalent to the reparametrization transformations in a specific limit. We discuss a restricted set of continuous symmetry transformations for the first-order Lagrangian of this model in section 4. The nilpotent (anti-)BRST symmetries for this toy model and comments on the cohomological equivalence of the NC and commutativity are considered in section 5. Finally, we make some concluding remarks in section 6 and point out a few future directions for further investigations.
Reparametrization Symmetry Transformations
We begin with the action integral (S t ) for a (1 + 1)-dimensional system of the free nonrelativistic (NR) particle with mass m, as given below (see, e.g. [6] )
where the Lagrangian L (t) 0 (x,ẋ), for the free NR particle, depends only on the square of the velocity (ẋ = dx dt ) variableẋ that is constructed from the displacement vector x and the evolution parameter "time" t. It is evident that the above action is not endowed with the reparametrization symmetry. However, this symmetry can be brought in by treating the "time" parameter t is as a dynamical variable t(τ ) on a par with the displacement variable x(τ ) [11] . Towards this goal in mind, these configuration variables (x, t) are forced to be the functional of another new evolution parameter τ that characterizes the trajectory of the particle. The action integral S t of (2.1) can be generalized to the action integral S τ (integrated over the element dτ ) as given below
where, now, we haveẋ = dx/dτ,ṫ = dt/dτ and the Jacobian J in dt = Jdτ is given by J = dt/dτ . It can be checked that this system is endowed with the first-class constraint
in the language of Dirac's prescription [12] for the classification of constraints where the conjugate momenta p x (τ ) and p t (τ ), corresponding to the configuration variables x(τ ), t(τ ), are defined in terms of the Lagrangian function L (τ ) 0 (x,ẋ, t,ṫ), as
The symbol ≈ in (2.3) stands for the weak equality (see, e.g. [12] for details). The first (L (τ ) f )-and the second-order (L (τ ) s ) Lagrangians can be derived from L (τ ) 0 by exploiting (i) the Legendre transformation and, (ii) the explicit expressions for the momenta p x and p t as given in (2.4) . The ensuing Lagrangians, thus obtained, are as follows
5)
where E(τ ) is a Lagrange multiplier that takes care of the constraint (2.3). At this stage, a few comments are in order. First, the massless limit (i.e. m → 0) for the Lagrangian in (2.1) and/or (2.2) is not well defined. However, the Lagrangians in (2.5) do allow the existence of such a limit. Second, all the Lagrangians L
s are equivalent as can be seen by exploiting the equations of motionẋ = Ep x ,ṫ = Em,ṗ x = 0,ṗ t = 0 that emerge from the first-order Lagrangian L (τ ) f and the definition of the momenta p x and p t given in (2.4) . It will be noted that the free motion (i.e.ṗ x = 0,ṗ t = 0) of the NR particle leads to the second-order equations of motion:ẍE −ẋĖ = 0,ẍṫ−ẋẗ = 0 which emerge from L 
It is elementary to verify that the first-order Lagrangian L 
Gauge Symmetry Transformations
It is well-known that the existence of the first-class constraints on a physical system entails upon the system to be endowed with some gauge type symmetries. This symmetry is generated by the first-class constraints themselves. For instance, for the physical system described by the first-order Lagrangian L is simpler in the sense that it has no variable (and its derivative(s) w.r.t. τ ) in the denominator. Furthermore, it is endowed with the largest number of variables (i.e. x, p x , t, p t , E) which provide more freedom for theoretical discussions.
are explicitly written as Π E ≈ 0, p 2
x + 2mp t ≈ 0 where Π E is the conjugate momentum corresponding to the Lagrange multiplier variable E(τ ). The generator G for the gauge transformations can be written, in terms of the above first-class constraints, as
where ξ(τ ) is the local infinitesimal gauge parameter for the above transformations. The explicit form of the gauge transformation δ g for the generic local variable
can be written, in terms of the above generator G, as
where, for the sake of explicit computation, the canonical commutation relations: 
under which the first-order Lagrangian L
(τ ) f undergoes the following change
It will be noted that the gauge transformations (3.3) can also be obtained from the reparametrization symmetry transformations (2.6) if we exploit the Euler-Lagrange equations of motionṗ x = 0,ṗ t = 0 (emerging from the first-order Lagrangian L (τ ) f ) and express the infinitesimal gauge parameter ξ(τ ) as the product of the infinitesimal reparametrization transformation parameter ǫ(τ ) and the Lagrange multiplier variable E(τ ) (i.e. ξ(τ ) = ǫ(τ )E(τ )). The above gauge transformation is the symmetry transformation for the other Lagrangians L (τ ) 0 and L (τ ) s too. In the explicit form, it can be checked that the following infinitesimal gauge transformations (δ (0) g ) for the case of the Lagrangian L (τ ) 0 , lead to
3) have been derived by exploiting the generator G and the expression for the generic transformation in (3.2). However, it can be proven non-trivially that the gauge transformations δ g E =ξ, δ g p x = 0, etc., are correct. For this purpose, we take, as inputs, only the transformations for the basic variables x and t and demand their consistency with the equations of motion. For instance, the equations of motionṫ = Em, p x =ẋ/E, etc., imply that δ gṫ = mδ g E, δ g p x = δ g (ẋ/E). Using δ g t = ξm, δ g x = ξp x , we obtain δ g E =ξ, δ g p x = (ξ/E)(p x −ẋ/E) + (ξ/E)ṗ x . However, the equations of motionṗ x = 0 and p x = (ẋ/E), imply that δ g p x = 0. Similarly, the requirement of the consistency between the basic gauge transformations on x and t and the equations of motion (deduced from the Lagrangian L (τ ) f ) leads to the derivation of δ g p t = 0. This trick will be exploited in the next section too.
Similarly, for the second-order Lagrangian L (τ ) s , the infinitesimal gauge transformations (δ (s) g ) on the dynamical variables yield the following
Thus, the above infinitesimal gauge symmetry transformations are the decisive features of all the three Lagrangians that describe the free massive NR particle. Of course, these are endowed with the reparametrization symmetries too (cf. section 2).
Restricted Symmetry Transformations and Noncommutativity
The usual gauge transformations δ g in (3.3) imply that the transformed frame is now characterized by
, and, (ii) treating the mass parameter to be commutative with everything, it can be seen that, in the gauge transformed frame too, we have the commutative geometry (i.e. [x ′ , t ′ ] = 0) because of the fact that {x ′ , t ′ } P B = 0. To bring in the noncommutative geometry, let us focus on some non-standard transformationsδ g
where ξ(τ ) is an infinitesimal transformation parameter. These transformations have been chosen because (i) they lead to the NC in the transformed frame due to {x ′ , t ′ } P B = ξ(τ ), and (ii) they have some relevance in the context of the BRST symmetries and BRST cohomology (cf. section 5 below). As we have argued (cf. footnote on page 5) for the nontrivial way of deriving usual gauge transformations (3.3), we derive here the non-standard transformationsδ g for all the variables of the first-order Lagrangian L (τ ) f in a similar fashion. The inputs for such a derivations are the requirements of the consistency among (i) the equations of motionẋ = Ep x ,ṫ = Em,ṗ x = 0,ṗ t = 0, (ii) the definition of the momenta (2.4), and (ii) the basic transformations (4.1) on space and time variables that lead to the NC. Taking all these considerations into account, we obtain the following transformations δ g for all the variables of the first-order Lagrangian L (τ ) f : A few comments are in order now. First, the above transformations have been deduced by exploiting the basic transformations:δ g x = ξm,δ g t = ξp x and the equations of motioṅ x = Ep x ,ṫ = ξm as well as p t = −(mẋ 2 )/(2ṫ 2 ). Second, the definitions (2.4) for the momenta p x and p t have been utilized to express the r.h.s. of the above transformations in terms of the physical variables m, E and p x . Third, it can be seen that, if we impose the equation of motionṗ x = 0 in (4.2), we obtain the following modified transformations
The above transformationsδ g reduce (i.e.δ g → δ g ) to the usual gauge transformations δ g in (3.3) for the restriction p x = m. Fourth, the above restriction p x = m impliesẋ =ṫ (cf. (2.4)) which, in turn, leads to p t = −m/2. In fact, in this limit, one finds the same transformations for x as well as t (i.e. x → x ′ = x + ξm, t → t ′ = t + ξm) and as expected, one obtains the commutative geometry (i.e. {x ′ , t ′ } P B = 0). Fifth, if we wish to retain the NC (i.e. {x ′ , t ′ } P B = ξ(τ )), in this limit (i.e. p x = m), it is clear that mass parameter m should become noncommutative in nature. Such kind of NC has appeared in the quantum group consideration of the free motion of a NR particle on a quantum line, defined in the phase space [13, 14] . Finally, under the general non-standard transformations (4.2), the first-order Lagrangian L
(τ ) f transforms as follows
It will be noted that, in the limit p x = m, we get back the specific gauge symmetry, discussed earlier. To be precise, we obtain, in this limit, the transformationsδ g x = ξm,δ g t = ξm,δ g E =ξ,δ g p x = 0,δ g p t = 0 under which the first-order Lagrangian transforms as:
. Imposing the on-shell conditionṗ x = 0, it is clear that the above equation (4.4) becomesδ
This establishes the fact that the NC, present in this toy model, is only the artifact of the redefinition of the gauge transformations in (3.3). Thus, we note that the non-standard transformations of (4.2) are symmetry transformations only when we enforce the system to remain exclusively on the on-shell (where the equations of motions are satisfied). Such kind of symmetries, valid on the on-shell, have been discussed in the context of the NC for a free massless relativistic particle [7, 8] . The reason behind the existence of the above non-standard symmetry transformations and corresponding NC could be explained in the language of BRST cohomology (cf. section 5 below). This observation is consistent with the result obtained in [6] for this model where the Dirac bracket considerations have been taken into account for different choices of the gauge condition. In fact, it has been shown in [6] that the NC and commutativity for this toy model owe their origin to different choices of the gauge which are connected to each-other by a kind of gauge transformation.
(Anti-)BRST Symmetry Transformations and Noncommutativity
The "classical" local and continuous gauge symmetry transformations δ g in ( 
The above local, continuous and off-shell nilpotent (s 2 (a)b = 0) symmetry transformations leave the (anti) BRST invariant Lagrangian ¶ (see, e.g., [14] ) 
where the Euler-Lagrange equationḃ = − 1 2 (p 2 x + 2mp t ), emerging from the (anti-)BRST invariant Lagrangian (5.3), has been exploited. A few comments are in order at this juncture. First, the above expressions in (5.5) are the generalizations of the expression in (3.1). Second, the nilpotency of the charges in (5.5) can be proven by exploiting the canoni-
, {c,ċ} = −1 in the § We follow here the notations and conventions adopted in [15] . In fact, in its full blaze of glory, the nilpotent (δ 2 (a)b = 0) (anti-)BRST transformations δ (a)b is the product of an anticommuting spacetime independent parameter η (with ηc = −cη, ηc = −cη, etc.) and the transformations s 
Third, the generic transformations in (2.8) can be generalized to s (a)b φ = −i[φ, Q (a)b ] ± where the subscripts (+)− on the square brackets stand for the (anti-)commutators for a given generic variable φ being (fermionic)bosonic in nature. Fourth, the physicality criteria (Q (a)b |phys >= 0) imply that the physical states (i.e. |phys >) are the subset of the total Hilbert space of states which are annihilated by the operator form of the first-class constraints of the theory. This statement can be succinctly expressed in the mathematical form due to the requirement that the condition Q (a)b |phys >= 0 implies the following
The above restrictions on the physical states are in agreement with the Dirac's prescription for the consistent quantization of a physical system endowed with the first-class constraints.
In more precise words, the operator form of the primary constraint Π E = b annihilates the physical states of the theory (i.e. b |phys >= 0 ⇒ Π E |phys >= 0). The requirement that this constraint condition should remain intact w.r.t. "time" (i.e. τ ) evolution of the system leads to the annihilation of the physical states by the secondary-constraint (i.e. (p 2 x + 2mp t ) |phys >= 0 ⇒∼ḃ(=Π E ) |phys >= 0) of the theory. Thus, it is clear that the physicality criteria Q (a)b |phys >= 0 imply, in one stroke, the annihilation of the physical states by both the primary and the secondary constraints of the theory.
We dwell a bit on the derivation of the NC by exploiting (i) the BRST invariance of the physical variables x and t, and (ii) the BRST cohomology connected with their transformations. For the present reparametrization invariant physical system, the latter (i.e. BRST cohomology) does allow that, the standard case of commutativity and the nonstandard case of NC belong to the same cohomology class. To elaborate it, let us re-express the BRST transformations of the space and time variables in (5.1) as
It is clear that (i) the space and time are physical quantities because they are BRST invari-
due to the fact that s 2 b = 0, (ii) the transformed variables (x ′ , t ′ ) and the original untransformed variables (x, t) belong to the same cohomology class w.r.t. s b (because of the fact that the BRST transformation s b is a nilpotent (s 2 b = 0) operator), and (iii) the space-time geometry is commutative because the Poisson bracket {x ′ , t ′ } P B = {x, t} P B = 0. Let us now focus on the non-standard BRST-type transformations
which are the generalizations of the restricted symmetry transformations given in (4.1). It can be readily seen that the above transformations are also BRST invariant and cohomologically equivalent w.r.t. s b but they lead to the existence of a noncommutative geometry because of the NC (i.e. {x ′ , t ′ } P B = c(τ )) of the BRST transformed variables x ′ and t ′ . The new noncommutative BRST transformations s bn in (5.8) on the basic space and time variables can be re-expressed as s bn x(τ ) = c(τ )m, s bn t = c(τ )p x (τ ) which are the generalization of the non-standard symmetry transformations given in (4.2). As argued in section 4, these transformations can be shown to be equivalent to the BRST transformations in (5.1) when we use the equations of motion. However, the proof of the nilpotency of these BRST-type transformations is little bit tricky. This is why we have argued about the equivalence of the commutativity and the NC in the language of the nilpotent (s 2 b = 0) BRST transformations (5.1). The same arguments, as is evident, could be repeated with the nilpotent (s 2 ab = 0) anti-BRST transformations (cf. (5.2)) as well.
Conclusions
In our present investigation, we have concentrated on a set of continuous symmetry transformations as the tool for the discussion of the NC in the context of the toy model of a free massive NR particle. The reparametrization symmetry, in some sense, is enforced on this model by treating the "time" parameter as a configuration variable that depends on a monotonically increasing parameter τ . One of the key new features of our discussion is the result that the NC for this toy model appears because of a restricted "gauge-type" symmetry transformations (cf. (4.2)) which are (i) not generated by the first-class constraints of the theory, and (ii) valid only for the on-shell conditions (i.e. the equations of motion) of this model to be satisfied (cf. section 4). The reason behind the existence of such a kind of restricted symmetry transformations can be explained in the language of the BRST cohomology. In fact, as it turns out, the BRST transformations (cf. (5.8) and (5.7)) that lead to the NC and commutativity for this toy model belong to the same cohomology class w.r.t. BRST charge Q b (or equivalently w.r.t. BRST transformations s b ). This explains, in a new way, the earlier claims of [5, 6] that the NC and commutativity owe their origin to the gauge transformations for the general reparametrization invariant theories. To be more precise, in [6] , it has been shown, through Dirac bracket considerations, that the NC and commutativity for this model depend on the choice of the gauge-conditions which, in turn, are connected with each-other by a gauge transformation. Our present discussion can be generalized to the examples of the reparametrization invariant (i) free relativistic particle, and (ii) its interaction with the electromagnetic field in the background. It should be noted that the latter example is one of the very few interesting examples of a reparametrization invariant interacting gauge theory. It will be worthwhile to point out that the models of the free (non-)relativistic particles and spinning relativistic particles have also been considered in the framework of quantum groups [14] . The latter framework is based on a different kind of NC in spacetime structure. It will be an interesting endeavour to find out some connections between the above two approaches. These are some of the issues that are under investigation at the moment and our results would be reported elsewhere [16] .
